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From Entropy and Information

Source compression: entropy H(X)

X 1 Py kmk

with side information: conditional entropy H (X |Y)
(X, Y ) ! Pxy

channel capacity: mutual information | (X :Y)

C = max | (X :Y)
P )

hypothesis testing: relative entropy D(P! Q)
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Relative Entropy

Two distributions P,Q on an alphabetx
P (X)
Q(X)
Relative entropy: D(P! Q) := E[Z]

Log-likelihood ratio: Z = log witk ! P

To study Pnite size effects we need full spectrum ofZ ,

e.g. via RZnyi relative entropies

H(X):=log [X|! D(Px"Unix )
H(X|Y):=log |[X|! D(Pxy "Unix # Py)
[(X : Y) .= D(ny I P " Py)

H(X.Y)




- Quantum relative entropy

Operationally relevant quantities for guantum source
compression, channel coding and hypothesis testing
are basedonD(!!"):=tr ! (log! " log")

H(X) = logdim( X)! D(Ix""x )
H(X[Y) == logdim( X) ! D(Ixy ""x # !y)
f (X:Y):: D('xy”'x ®!Y)




Strong sub-additivity

Lieb-RuskaiO73 showed strong sub-additivity:

. H(X|Z)+ H(Y|Z)! H(XY|Z)
2 ¢ Y|Z) 0
3. H(X|Z)! H(X|YZ)

4, D(Ixz!"x " 12)# D(1xyz!"x " 'vz)

|
|

S. D(E(!)IE(")) " D(!!'") for any quantum channel E

L data-processing inequality

#
T —— T S — — - e g g gt TS TR e T A M e e e e - . —ti— e — ————
v !.-w' m. .’, ,'.w"- ~ e S e ™ - SR —



R e T
s
i

- N g — 4*«~‘-~' Ly = - ALl - At G

Measured relative entropy

Is quantum information just classical information

that has not yet been measured?

l.e., IS relative entropy equivalent to

Dy (!!"):= max D(P!Q)

!
{MX_}X! Kol 4 \j P(x)=tr My
My =1

Q(x)=tr ! My

X

This strategy works for Pdelity and trace distance.
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They are really different!

» At G

SCEVINN \\/e haveD (! ) =Dy (! [) ,
with equality if and only if [!,"] =0
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On Variational Expressions for Quantum Relative Entropies
Mario Berta, Omar Fawzi, Marco Tomamichel

+ OIO: a special case of the data-processing inequality
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+ Oonly ifO: Hiai-PetzO91 showed this for projective measurements
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IS quantum information just classical information
that has not yet been measured?
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A peek at the proof

' We Pnd the following variational characterizations:

D(11") = |T=a|)4( tr'H+1" trexp(log" + H)

Du (") = max tr'H+1 —tr" exp(H)

~ The result follows via the Golden-Thompson inequality:
? trexp(A +B) ! trexp(A)exp(B)

with equality if and only if [A,B]=0
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Golden-Thompson inequality

trexp(A+ B)! trexp(A)exp(B)

It holds for all unitarily invariant norms:

"exp(A+ B)* ! "Mexp(A)exp(B)*

But it cannot trivially be extended to more than two matrices, I.e.

Texp(A+ B + C)¥ I" Mexp(A)exp(B)exp(C)*
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Multivariate Golden-Thompson

Main result:

Let{Ax}k be Hermitian matrices

log ‘” exp ( § Ak) H| | / d! o(t) log H‘ H exp ((1 + 6t)Ak) H‘
k R k
ey . Communications in
~ Multivariate Trace Inequalities Mathematical
4 for p_norms David Sutter', Mario Berta®, Marco Tomamichel® Physics
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+ unitarily invariant norms:

Fumio Hiai, Robert Koenig, Marco Tomamichel
+ dependence ont drops out in two matrix case

+ three matrices: strengthens LiebOs triple matrix inequality

+ can remove logarithm with JensenQOs inequality
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Generalized Log-Majorization and Multivariate Trace Inequalities
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Let {Ak}k be Hermitian matrices

og|exe (S ac) ||t [ dtoviog | [Texo (@ + o)
” Kk

+ We will need the 2-norm,
4-

0.8

| o(t) = i L / -

0.6

2cosh('t) +1

0.4

0.3

variable version:

0.1}

w
—

trexp(Ay + Az + Az +Ay) !

R

™ T

d! o(t) trexp( A1) exp %(1+6t)A2 exp %(1+6t)A3 exp(A,) exp %(1! d)As exp :—2L(1! d)
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Unitary rotations are necessary!

: . s : :
trexp(A1+ A + Az) ! d! o(t) trexp(Aq1) exp Q(l +0t)A, exp(As)exp 5(1 "ad)
R
0.35
| o two examples
0.3 _rhs B
0.16
5 ) S -
) seolge - K N
23 0 N — e
t 1
_—________h rhs.
().14_1 0 .
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Let {Ax}k be Hermitian matrices

i AN & d

ogliexp A 11 diot)logl exp (1+8t)A, !
R

Generalized Log-Majorization and Multivariate Trace Inequalities

Argument follows ™™" : |
Fumio Hiai, Robert Koenig, Marco Tomamichel

Operator norm result can be lifted to any unitarily
Invariant norms, and some variations thereof, via

log-majorization.
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Complex interpolation

HadamardOs three line theorem L€
f ()] sup|f (@)" ' asupl|f (1 +8&t)|
t t 0 i
for any analytic function f(2). !
f (! +0t)

HirschmanOs rebnemen

log|f ()] < dBu 1 (t)log|f (@)[" * + | dg: (t)log [f (1 + &)
N /!

some family of distributions

(assumes thatf (z) does not grow too fast asy! =+"
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Norm Interpolation

Let G(z) be analytic with values ig®! C°

V (6) Is rank-one partial isometry with

tr V(1) =1, tr VO)G() = ' G()! .

HirschmanOs lemma fdér(z) = tr V(1)G(z) re

log! G(!)!”" o (Dlogf @)F " + o (t)log [f (1 +at)|

L dly () log"G(@)" " * + Cdh ) log" G(1 + &t)""
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An Araki-Lieb-Thirring inequality

log! G(!)! " ' d1  ()log! G@))! Y ' + | d", (t)log! G(1 + &t)!"’

Now choose: G(z) =  exp(zAx)
k

Then G(&@) Is unitary:log! G@)!* ' =0

Dividing by | we get:

| n# T e | 7 Vo' s &
log!" exp(! Ag)" ! ! d"(t)log! exp (1 +0t)A, |

Kk Kk
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Lie-Trotter product formula

% &
exp (1+0t)Ag !

SN sl b " 7
Take limit! ! 0 :lim! exp(Ag)! =exp A,
0 ‘ C >
Lie-Trotter product formula
i +f dER lii & - il
log Il exp A Il dlo(t)logl  exp (L+06t)Ac M
Kk s Kk
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Strong sub-additivity

Lieb-RuskaiO73 used LiebOs triple-matrix inequality to

show strong sub-additivity. \

our three matrix Golden-Thompson
Inequality already strengthens this

Our inequalities allow to strengthen this fundamental result.

We will only look at the special case of partial trace:
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The commutative case

Bl e e Bl

WIthR'AB th(a_ I 2

This Is trace-preserving!
Petz recovery map

Proof Is simple:

D(!aB ! AB) D('a!"A)

=tr ! A #lOg!AB - Iog"AB : |Og!A # 1 +$[Og A H# 1
I 11

=tr lag l0g'ag " l0g "ag ("o 1A # 1)
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D('ag!"aB )" D(PA!"A)# D('ag 'R s trs (1A))
Winter-Li looked at O!0, but: | ..
2., ; |
i $ 0.4 )
We can show it with two 02 z
(mlnor) modlpcatlons: 00 02 04 06 o.uRsto 12 14 16 1.3L :
R —
BEEpt Baps) L SRS Do p SRR i () K
- ' T B e T T B Lt ) |
with R, e G = d! o(t) AB A a a velig sy :
R i
I.
S . Communications in '
Multivariate Trace Inequalities Mathematical ‘
David Sutter', Mario Berta’, Marco Tomamichel® Physics ‘
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Relation to recoverability

D(!AB !"AB ) . D_(!A!"A) # DM(!AB !R!AB rs (IA))

- " = 0 -I-‘:'tu : L 0 ’||! = 1! a $ '/tIJI = 1! a
Wlth R| . e (é — d' O(t) Az\él+0t) ’IA\ 5 (1+0t) 4 A 2( ) | 1B Az\é )
R

Fidelity is a standard measure of proximity of quantum states:
| logF(!,")" Dm(1#")

| | Applying this to the above yields:

jl : 2 1 11
Flag Rig wg(ta) ! exp DA™ A)# D(tag "" a8 )
i.
Special case - local recovery maps:
F-!ABC,RlA!!BC ,trB(!AC) ' exp' R |(AB|C)

Bd
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The proof

We try to follow the steps of the commutative proof:

D (! aB !"AB)'; D('a!"A)

|Og!A# 1g +|Og A H# 1p

=tr ! ap #|Og| AB |Og " AB
|
=tr 'ag log!ag " logexp log"ag " l0og" A # 1g tlog ! A # 1p
! 0 ! 1
= D Iap Ofgexp |Og" AB |Og"A # 1l + |Og A # 1p

Recall:

D('ag!"ag )" D(A!"A)

! 1
= MaxX tr!ABH e B treXp Iog"AB 3 |Og"A# 15 +|Og!A# 15 + H

H=H

T
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The proof (continued)
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555 D(!AB!"AB)" D(!A!"A) | .
I = max triagH+1" trexp log"ag " log"a # 1g +log ! s # 15 + H
H=H
i
|
. D(las!"ag)" D('a!"A) 5 : : |
e AR 1 (1+8 1 % :
# maxtrlpgH +1" tr ",§é1+°t) "!A2(1+°t)!A"A2(1! e ",iéll 5 exp(H)
H=H ‘;
=max triagH+1" trRy,. v, (!a)exp(H) :
H=H |
=L Dy (M!")=max tr'H+1" tr" exp(H) ';
H=H 3
The only inequality we need: 4-matrix extension of Golden-Thompson
trexp(Ay + Az + Az +Ay) !
d! o(t) trexp( A1) exp %(1+6t)A2wexp :—ZL(1+6t)A3Trexp(A4)exp %(1! ﬁ)A;exp %(1! d)
R
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Takeaway messages

Quantum information Is more than

unmeasured classical information!

It gets messy when more than two non-
commuting matrices are involved - but at least
there are a few things we can show now!

A lot of progress has been made since Fawzi-

RennerOs recoverability bounds. The new

proofs are stronger and simpler*.

*and would have never been possible without the original result and everything in between!
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